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A Class of Airfoils Designed for
High Lift in Incompressible Flow

Robert H. Liebeck*
Douglas Aircraft Company, McDonnell Douglas Corporation, Long Beach, Calif.

The problem studied is that of designing a single element airfoil which provides the maximum
possible lift in an unseparated incompressible flow. First, an airfoil velocity distribution is defined
and optimized using boundary-layer theory and the calculus of variations. The resulting velocity
distribution is then used as an input for an inverse airfoil design program which provides the corre-
sponding airfoil shape. Since there is no guarantee that an arbitrarily defined velocity distribution
will yield a physically possible airfoil shape, some parametric adjustments in the optimized distri-
butions are required in order to obtain reallstlc and practical airfoil geometries. Wind-tunnel tests
of two different airfoils (one assuming a lammar rooftop and the other a turbulent rooftop) have
been conducted and in both cases the results met the theoretically predicted performance; for exam-
ple, the laminar section exhibited a low drag range of Cp =~ 0.0085 from C;, = 0.8 to C, = 2.2.

Nomenclature
a,b = integration constants, see Eq. (8)
c = airfoil chord
CL = lift coefficient = L/(1/2)pV2¢
» = pressure coefficient = (p — p W1/2)pV 2
Cp = pressure coefficient defined by Eq. (6)
p = static pressure '
Re. = freestream Reynolds number based on airfoil chord =
Vo c/v

Res. = Reynolds number defined by Eq. (12)
Res, = Reynolds number defined by Eq. (6)

s = arc length along airfoil surface

Sp = location of leading-edge stagnation point
Vo = freestream velocity

v = local velocity on airfoil surface
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= defined by Eqgs. (3) and (4)

= distance along chord line

= circulation about the airfoil

= kinematic viscosity

= density

= independent variable for Stratford equations

= reference length for Stratford relations

= freestream conditions

= conditions at the airfoil trailing edge

= conditions at velocity peak on airfoil upper surface
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Introduction

IT is desired to solve the problem in answer to the ques-
tion: “What is the maximum lift coefficient which can be
obtained from a monoelement airfoil, and what is the
shape of that airfoil?”” This question is clearly quite gener-
al, and it is neécessary to qualify it to an extent that an
engineering problem can be formulated and solved. Most
airfoils are partially separated when they reach their abso-
lute maximum lift coefficient, and their continued opera-
tion under such conditions is usually considered impracti-
cal. Moreover, the development of techniques for the
analysis of separated flow has not reached a level of preci-
sion and reliability where meaningful and realistic optimi-
zation techniques can be applied. Thus, it seems reason-
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able, at least initially, to consider the problem of the de-
sign of a monoelement airfoil which provides the maxi-
mum lift in an unseparated flow.

Another important consideration in the design of a
high-lift airfoil is the effect of compressibility. It is well
known that, even though an airfoil may be operating at a
low flight speed, the super velocities on its upper surface
can be quite high-—particularly at high lift coefficients.
However, for the purposes of the present analysis, the flow
is assumed to be incompressible.

The basic approach for the design of a maximum lift
monoelement airfoil will be to first specify a velocity dis-
tribution and then calculate the corresponding airfoil
shape. The velocity distribution must satisfy the three
criteria: 1) the boundary layer does not separate; 2) the
corresponding airfoil shape is practical and realistic; and
3) maximum possible Cy is obtained. This may be inter-
preted as a form of variational problem where an extre-
mum of Cy is sought subject to the constraints imposed
by 1 and 2 above. In this study, such a variational prob-
lem is formulated and solved using existing boundary-
layer and potential-flow analyses.

This problem was first studied in Ref. 1 where a linear-
ized solution was obtained. The approach used was to ex-
press the lift coefficient in terms of fCpdx where the free-
stream was aligned with the x-axis. An optimized form for
the pressure distribution Cp(x) was obtained using bound-
ary-layer theory and the calculus of variations, and Web-
er’s second-order inverse airfoil method* was used to ob-
tain the corresponding airfoil shape. The resulting solu-
tion airfoils were highly cambered and in some cases quite
thick. This suggested that the problem should be studied
using an exact nonlinear airfoil theory together with a
more precise formulation of an optimized pressure distri-
bution, which is the subject of the present study.

The problem of accurately designing an airfoil which
corresponds to a specified velocity distribution should not
be based on x as an independent variable since this
implies that the airfoil shape is already known. Therefore,
in this analysis the velocity distribution is specified as a
function of s, the distance along the airfoil surface, where
s begins at the lower surface trailing edge and runs clock-
wise around the airfoil surface to the upper surface trail-
ing edge as shown in Fig. 1. This form of input is ideal
from the standpomt of an accurate application of bound-
ary-layer theory since s is is the natural ch01ce for an in-
dependent variable.

The lift coefficient is readily expressed in terms of the
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circulation about the airfoil, and the optimization prob-
lem becomes that of finding the velocity distribution v(s)
which maximizes

- L _.__2_r_2¢ u(s) ds
L7 anpVie T Ve Vo ¢

(1)

subject to the constraints that the boundary layer does
not separate and the corresponding airfoil profile closes
and is not reentrant. As in the linearized problem, the ap-
proach is to first obtain a set of optimum velocity distri-
butions using boundary-layer theory and the calculus of
variations, and then adjust these distributions to obtain
realistic and practical airfoil shapes.

Once the theoretical design is complete, an experimen-
tal evaluation is necessary to verify the airfoil’s perfor-
mance. Two airfoils, representing two basic design cases
have been tested in the McDonnell Douglas low-speed
wind tunnel at St. Louis, and their performance is pre-
sented following the development of the theory.

A similar theoretical approach has been used by Orms-
bee and Chen in Ref. 2; however, the performance of one
of their designs in a wind-tunnel test3 did not reach their
theoretical predictions. A possible explanation for this is
offered in the conclusions of this paper.

Theoretical Development

General Form of Airfoil Velocity Distribution

The optimization of the velocity distribution for maxi-
mum lift is initially considered to be constrained by
boundary-layer separation; however, certain basic airfoil
geometry factors must be included. Referring to Fig. 1,
the velocity distribution must have a leading edge stagna-
tion point and it must also satisfy the Kutta condition at
the trailing edge. Two possibilities exist at the trailing
edge as far as the potential flow solution is concerned: if
the trailing edge has a nonzero angle, the velocity must go
to zero there; while if the trailing edge angle is zero, i.e., a
cusp, the upper and lower surface velocities assume a
value slightly less than freestream at the trailing edge.
However, once the boundary layer is added, the flow out-
side the boundary layer passes the trailing edge with a
continuous nonzero velocity. Therefore, the initial velocity
distributions formulated will assume that the trailing
edge is to be cusped. Finite trailing edge angles can easily

rimeter of unity. Since the flow direction is the opposite
of the direction of increasing s on the lower surface, the
velocity there is always negative which is consistent with
the definition of C,, as given by Eq. (1).

Expanding Eq. (1) to separate upper and lower surface
flows gives

1 —ds (2)

where s = s, is the leading edge stagnation point and ¢ is
the airfoil chord. Considered as a variational problem, Cy
can be written as the functional

Cp= CL[?/(—S)E% ,C:I

That is, it is desired to find the distribution v(s)/ V., (O
< s £ 1), the stagnation point location sp, and the chord ¢
which maximizes Cz. v(s)/V., sp, and ¢ cannot be chosen
independently since they are implicitly connected accord-
ing to standard airfoil theory.

It will prove convenient to rewrite Eq. (2) in the form

Cp=(/N@y/Vas,) + @/V)A —s,)]

where 0, and 0, represent the average velocities on the bot-
tom and top of the airfoil, respectively, i.e.,

Ez—l-—f L ds (3)
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Us/ Ve will always be negative and it will detract from the
total lift coefficient, and therefore v(s) on the lower sur-
face must be kept as small as possible; and this distribu-
tion, together with the optimum value for sp, will be left
open for the moment. The analysis will concentrate on ob-
taining an upper surface v(s) distribution which maximi-
zes D;/V. subject to the constraint that the boundary
layer does not separate.

Boundary-Layer Analysis

The upper surface velocity distribution is taken to have
the form shown in Fig. 2, namely a region of acceleration
from the stagnation point s, to the maximum velocity vg,
followed by a deceleration region to v;.. Rewriting Eq. (4)
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in terms of the pressure coefficient gives

v 1 !
V. 1-s, fsp(l

—C ) s (5)

where the deceleration region is also called the pressure
recovery region.

In order to shape the pressure recovery region, it is nec-
essary to have a method for testing for boundary-layer
separation. Stratford® does this and provides a basis for
the analytical determination of the pressure recovery re-
gion which gives a distribution which just avoids separa-
tion along its entire length. Stratford’s theory is derived
for the canonical pressure distribution shown in Fig. 3
which consists of a constant pressure region for a distance
ao followed by a region of pressure recovery that begins at
¢ = oo and continues downstream. The boundary layer is
taken as turbulent over the entire region. Referring to Fig.
3, a pressure coefficient and Reynolds number are defined

by
C,= (b —po)/ 1/2pvy> and Req = voop/v ~  (6)

‘where po and v are the static pressure and velocity along
the constant pressure region. Stratford’s solution is given
by the relations

5,,(%) = O.49{(Reco)”5[((—%)1./5 ~ 1]}“3, C,=4/1

(M

~f({o\N_, ‘a . “—>
C°(a)“1 e/on F5]775 C,=4/7 (8)

Equations (7) and (8) represent a pressure recovery dis-
tribution for which boundary-layer separation is imminent
buti does not occur over the entire length of the pressure
recovery region. The constants a and b in Eq. (8) are cho-
sen to match Cp, and dCp/ds when Cp = 4/7. Stratford®
has experlmentally checked a flow whose pressure distri-
bution is given by Egs. (7) and (8), and found that it did
not separate and exhibited a “good margln of stability.”

The airfoil problem considered in th1$ study requires
that the flow originates from stagnation at s = s, and the
velocity monotonically increases to v = vgiat s = so as in-
dicated in Fig. 2. Stratford has provided two integral rela-
tions to account for this so that Eqgs. (7) and (8) which are
based on the velocity distribution of Fig. 3;may be applied
to the airfoil problem. These integral relations are derived
from the requirement that the boundary-layer momentum
thickness for the case of a laminar acceleration region, the
case of a turbulent acceleration region, dnd the constant
velocity region of Fig. 3 be the same at the beginning of
the deceleration region for all three cases. For a turbulent
boundary-layer acceleration region this yields approxi-
mately

s

N O

Yy
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and for a laminar boundary-layer acceleration region it
gives

%\ s ~5/8
— -3/8 — —
0o = 38.2(Re,,) [fsp (vo>d(80 —s,,ﬂ (sg—5,)

(10)

In effect, Egs. (9) and (10) provide a lengthening of the
distance from s = s, to s = so over the distance from ¢ =
0 to ¢ = o9 when an acceleration region exists as opposed
to a constant velocity region (Fig. 4). s represents the ac-
tual distance along the airfoil surface, and ¢ represents a
distance from an origin which is located at a distance oo
behind the velocity peak on the upper surface of the air-
foil. This lengthening is a consequence of the fact that a
boundary layer, either laminar or turbulent, thickens
more slowly in an accelerating flow than in a region of
constant velocity, and a laminar boundary layer thickens
more slowly than a turbulent boundary layer when both
experience the same velocity distribution. A combination
of Egs. (9) and (10) applies when transition occurs at
some intermediate point of the region upstream oyo.

Using their respective definitions, C, can be expressed
in terms of Cp as

C, = (vy/V.I(C,— 1) + 1
and conditions at the trailing edge give

@)/ V)2 = (1 = Cpp)/(1 = Cpy,) (11)

where Cp;e = Cyl(s/00)ie] as given by Egs. (7) and (8).
Thus, Eq. (11) provides a simple relation between the
length of the recovery region, (o/c¢)se; the magnitude of
the pressure peak, Cpmin = 1 — (vo/V.,)?; and the trail-
ing edge pressure, Cp, for the Stratford imminent
separation pressure recovery distribution. The Reynolds
number Re,o used in Eq. (7) is related to a more con-
ventional form (Fig. 1)

Re,.=2V.(1—-5s,)/v (12)
by using Eq. (11) to obtain
Reg = {[1

—Cpro)/[1 = Chrelt 0o/ (1 — s ,)Re .. (13)

It is noted that the distance 1 — s, will be only slightly
greater than the airfoil chord, and therefore Res. will be
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ACCELERATION MOMENTUM
REGION THICKNESS FOR
TURBULENT B.L. ALL THREE

CASES

CASE b CONSTANT
ACCELERATION VELOCITY AS IN
- |REGION FIGURE 3

Vo |LAMINAR B.L.
STRATFORD

DISTRIBUTION
(CASE a & b )

TURBULENT B.L.
s SP————
TURBULENT BL. |« |-5,— =
Se-Sp — ™ S=1
LAMINAR B.L.

Fig. 4 Upper surface velocity distribution with a Stratford
recovery region.
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effectively equivalent to the conventional freestream
Reynolds number, Rew = Vc/v.

Formulation and Optimization of Upper Surface Velocity
Distribution

The analysis of Stratford provides a pressure distriba-
tion which recovers a given pressure difference in the
shortest possible distance without separation; and, there-
fore, for the purpose of maximizing the lift, it appears log-
ical to employ such a distribution for pressure recovery on
the upper surface of the airfoil. Two cases will be consid-
ered. Case a: A turbulent boundary layer exists over the
entire upper surface of the airfoil. Case b: A laminar
boundary layer exists from the leading stagnation point s,
to the maximum velocity point so, with instantaneous
transition to a turbulent boundary layer at so.

The form for the upper surface velocity distribution for
both cases is shown in Fig. 4. This amounts to an arbi-
trary acceleration region from s = s, to s = so, followed by
the Stratford deceleration region from s = so to s = 1.
From Eq. (4), 0/ Ve is given by

SO 1
f v/V.,ds +f v/V,ds
v Sp Sp
Yy _ 1
Ve 1-s, (14)

and the problem is to maximize 0/ V. while satisfying Eq.
(9) for case a, and Eq. (10) for case b. The parameters
Re,, and v,./V . are left free at this point; and, since a
Stratford deceleration distribution has been assumed, the
second integral term of Eq. (14) is known as a function of
Res,and v/ V; , 1€,

! v g Vie |
I, 7= l(@), v me ] 09

where I is the same function for cases a and b. The pa-
rameter (¢/¢o)s represents the length of the pressure re-
covery region and it is related to the magnitude of the
pressure recovery by Eq. (11).

Referring to Fig. 4, it can be seen that the normalizing
distance 1 — s, can be considered as a function of two
things: first, the form of the acceleration velocity distribu-
tion which determines the distance so — sp according to
Egs. (9) or (10); and, second, the magnitude of the pres-
sure recovery which determines the distance 1 — so ac-
cording to Eq. (11). Consequently, although it might at
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Fig. 5 Family of nonseparating flat rooftop velocity distribu-
tions. Reyo and v,/ V., are fixed (not to scale).
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Fig. 6 Optimized form of airfoil velocity distribution includ-
ing modification necessary for obtaining an airfoil shape.

first appear that 9;/V. would be maximized by the fur-
thest possible extent of an accelerating velocity distribu-
tion, the dependence of the normalizing distance 1 — sp,
on the acceleration distribution precludes such an as-
sumption.

In order to maximize 0:/V.., a variational problem is
considered where it is sought to determine the form of the
accelerating velocity distribution v(s)/Va, sp < s =< so,
and the value of the parameter (¢/00)ze Which provide the
desired extremum. The two parameters vie/V. and,| Re o,
are left free: vyo/V. will be needed to adjust the velocity
distribution to obtain a realistic airfoil shape, and Re,,
will be specified by Eq. (13) to obtain the desired free-
stream Reynolds number Re...

Applying the calculus of variations yields the basic so-
lution that a flat rooftop velocity (or pressure) distribu-
tion maximizes 0,/ V. for both cases a and b. There exists
an infinite family of such flat rooftop distributions for a
fixed set of the parameter v,./V. and Res,, and the vari-
ational solution also specifies that value of (¢/¢0)e Which
defines the particular member of the family which maxi-’
mizes 0;/ V= (Fig. 5). It should be noted that, for a fixed
set of the parameters vy/V. and Re,,, the resulting op-
timum velocity distribution for case b (laminar rooftop)
will have a longer and higher rooftop region than for case
a (turbulent rooftop).

Final Form for ‘Optimized Velocity Distribution

The analysis of the previous section has indicated that
C;, will be maximized by using an airfoil velocity distribu-
tion of the form shown in Fig. 6 by the solid line. This
distribution is made of: v(s)/Ve = 0 over the entire lower
surface, v(s)/V. given by a flat rooftop plus Stratford dis-
tribution on the upper surface, and s, specified as small as.
possibly. Unfortunately, this distribution will not yield a
meaningful airfoil shape due to the discontinuities present
and the fact that true stagnation can only occur at a sin-
gle point near the leading edge. Therefore, the velocity
distribution has been modified as shown by the broken
lines in Fig. 6. .

The slope v’(sp) (Fig. 6) is used to control the resulting
airfoil’s leading edge radius, and the remaining portion of
the upper surface acceleration region is shaped to provide
good off-design performance (o > adesign) and still rexnain
as close as possible to the limiting flat rooftop. A short
boundary-layer transition ramp at the corner of the roof-
top region is used for case b, and this is also included for
case a to ease the boundary layer’s introduction to the se-
vere initial Stratford gradient. Since this modification to
the upper surface velocity distribution results in a rooftop
which is no longer flat, the length and height of the new
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Fig. 7 Airfoil design and velocity distribution neglecting
practical considerations.

rooftop could be increased, in principle, according to Eqs.
(9) and (10). However, for the distribution considered in
this study, this correction would be small, and it is felt
that by neglecting it the resulting velocity distributions
will be a bit more conservative.

The lower surface distribution is modified subject to
two general constraints: first, that the velocity remains as
low as possible in the interest of obtaining the maximum
possible lift; and, second, that the flow continuously
accelerates from the leading edge stagnation point to the
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Fig. 8 Airfoil design and velocity distribution with practical
thickness and leading edge geometry.
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Fig. 9 Airfoil design and theoretical pressure distribution for
wind tunnel test, case a.

trailing edge velocity v;e/V. in the interest of minimizing
the drag. In addition, the distribution near the stagnation
point is shaped to provide good off-design performance at
lift coefficients below the design value (@ < adesign)-

The resulting modified velocity distributions can no
longer be called optimum (in a purely mathematical
sense). For lack of a better word, they will be referred to
as ‘“optimized velocity distributions” with the under-
standing that this qualification exists.

Inverse Airfoil Solution

Once a desired optimized airfoil velocity distribution
has been developed, it remains to determine the corre-
sponding airfoil shape. James? has developed a powerful
inverse airfoil design program which provides exact solu-
tions for the airfoil design problem. This program uses as
input the airfoil velocity distribution as a function of s as
shown in Fig. 1. It is well known that an arbitrarily pre-
scribed velocity distribution is not likely to provide a cor-
responding closed and nonreentrant airfoil shape. The
James program modifies the input velocity distribution to
ensure that the modified distribution provides a closed
(but not necessarily nonreentrant) airfoil shape. The mod-
ified velocity distribution may be considered the closest
allowable distribution—in a least squares sense—to the
input velocity distribution. By comparing the input and
resulting modified (output) velocity distribution, the
input distribution is easily adjusted (by varying v;e/V.,
sp, the level of the lower surface velocity distribution,
etc.) so that agreement between the input and output dis-
tributions is obtained.

In addition to the velocity distribution, the James pro-
gram requires that the desired airfoil trailing edge angle
also be input explicitly. This, in principle, amounts to an
overspecified problem since the velocity distribution itself
implicitly defines the trailing edge angle. However, in re-
ality, it is not practical to expect that an input velocity
distribution will contain enough detail in the last two per-
cent of the chord to provide an accurate definition of the
trailing edge angle. Since the input distribution will be
modified to provide a closed airfoil as described above,
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Fig. 10 Airfoil design and theoretical pressure distribution
for wind tunnel test, case b.

the minor adjustment of the velocity distribution near the
trailing edge which is required in order to obtain a speci-
fied trailing edge angle becomes insignificant as long as
the specified angle is not too large.

Theoretical Design Results

Stated in their simplest form, the requirements on the
airfoil geometry are that it is nonreentrant and that it has
a rounded leading edge and sharp trailing edge. According
to the variational analysis, for maximum lift it is desir-
able to obtain an airfoil velocity distribution which is as
close as possible to that indicated by the solid line in Fig.
6. By strictly following this approach, the airfoil shape
and corresponding velocity distribution of Fig. 7 was ob-
tained for case b with a freestream Reynolds number of
five million. This result may be regarded as significant from
a purely theoretical point of view: it implies that the
maximum lift coefficient which can be obtained from a
monoelement airfoil in an unseparated incompressible
flow at a Reynolds number of five million is about 3.0.

From a practical standpoint, the airfoil of Fig. 7 does
not appear to be very useful. Its sharp leading edge will
tend to cause separation when the airfoil is operated at
angles of attack other than the design value, and it is
probably too thin as far as structural considerations are
concerned. Consequently, a sample airfoil design has been
computed where a reduction in the value of the lift coeffi-
cient has been accepted in order to obtain reasonable per-
formance over an angle of attack range together with an
airfoil shape which is structurally feasible, and this result
is shown in Fig. 8.

Experimental Evaluation

Two airfoils were prepared for testing: the airfoil shown
in Fig. 9 was designed for a freestream Reynolds number
of three million for case a, and the airfoil of Fig. 10 was
designed for a freestream Reynolds number of two million
for case b. The design pressure distributions were tested

Fig. 11 Experimental lift curve and drag polar, turbulent
rooftop airfoil, case a. Test conducted at Re., = 3 X 108,

for separation using two independent theoretical bound-
ary-layer calculation programs: the Douglas turbulent
boundary-layer program,® and the NASA-Lewis boundary-
layer program.® Neither program predicted separation
over the entire pressure recovery region on either airfoil.
For the airfoil of case b (Fig. 10), it was found that if
transition were located upstream of the peak pressure

2.2
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; 4 (THEOR)
Rege =2 X108
1.8 -
O-— — o
1.6- dC
NG =0.12/DEG.
CL da ’
14 - AIRFOIL FOR CASE b
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044 1.2 CLvsa
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Fig. 12 Experimental lift curve and drag polar, laminar roof-
top airfoil, case b. Test conducted at Re_ = 1 X 108.
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Fig. 13 Experimental drag polars showing the effect of tran-
sition strips, turbulent rooftop airfoil, case a.

point on the airfoil’s upper surface, both the Douglas and
NASA boundary-layer programs predicted separation
somewhere along the Stratford pressure recovery distribu-
tion. The airfoil of case a (Fig. 9) remained fully attached
even when transition was assumed to occur at the leading
edge.

The results from the boundary-layer programs were
used to calculate theoretical drag coefficients for the air-
foils. Assuming transition at the leading edge for the air-
foil of case a gave Cp =~ 0.017, while assuming a laminar
boundary layer over the entire lower surface and up to the
rooftop peak on the upper surface gave Cp = 0.0075. For
the airfoil of case b (which requires a laminar rooftop),
the theoretically calculated drag was Cp ~ 0.0085, where
a laminary boundary layer was assumed over the entire
lower surface. Boundary-layer displacement thickness cal-
culations for both airfoils indicated a reduction in the lift
coefficient of ACz = —0.04 at the design condition.

The experimental evaluation of the airfoils was con-
ducted in the McDonnell Douglas 8.5 X 12-foot Low
Speed Wind Tunnel in St. Louis with inserts used to ob-
tain a 2-foot wide X 8.5-foot high two-dimensional test
channel. Models of 27-in. chord with both spanwise and
chordwise pressure taps were used. The tests were con-
ducted at freestream Reynolds numbers from one to three
million; and pressure, wake, and balance data were re-
corded. In addition, flow visualization studies were carried
out using yarn tufts to check on flow separation, and
china clay to identify boundary-layer transition.

The results of the wind-tunnel tests are given in Figs.
11-14. Figures 11 and 12 are the drag polars along with
the corresponding Cy vs o and Cpc/4 vs o curves for the
airfoils of case a and case b, respectively. It was necessary
to conduct most of the testing of the airfoil for case b
(laminar rooftop) at Re., = 108 because freestream turbu-
lence in the tunnel test section caused premature transi-
tion on the rooftop region when the tunnel was operated
at higher Reynolds numbers. This was verified using china
clay. Tunnel turbulence did not significantly affect the
performance of the airfoil for case a which worked about
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equally well at Reynolds numbers from one to three mil-
lion.

Figure 13 shows the effect of transition strips placed at
various locations on the rooftop region for the airfoil of
case a. Also shown are the theoretically predicted values
of Cp for the two extremes: laminar flow over the rooftop
region and the lower surface, and turbulent flow over the
entire airfoil. (The early stall for the most forward transi-
tion strip location is partially attributed to the strip being
too thick.) For the airfoil of case b, the addition of a tran-
sition strip on the rooftop region near the leading edge re-
duced the airfoil’s Crmax to about 1.0.

A family of theoretical and experimental chordwise
pressure distributions is given in Fig. 14 for the airfoil of

.case a. The theoretical distributions are based on the po-

tential flow calculation of Ref. 10 without any correction
for boundary-layer thickness. These results indicate that
the flow remained attached all the way to the trailing
edge. A laminar separation bubble appears on the lower
surface near the leading edge at « = 0°, and this accounts
for the drag rise below C = 0.6 (Fig. 11).

The mechanism of the stalling of the airfoils was ob-
served using varn tufts located over the entire upper sur-
face pressure recovery region. Both airfoils exhibited the
same behavior in that the flow remained completely at-
tached until the stalling angle was reached at which point
the entire recovery region separated instantaneously. Re-
ducing the angle of attack less than one half a degree re-
sulted in an instantaneous and complete reattachment in-
dicating almost a total lack of hysteresis effect on stall re-
covery. ‘ N

Conclusions

One of the more important results of this study is that
it has demonstrated the ability to define and solve a vari-
ational problem in optimal incompressible airfoil design.
Moreover, the experimental results indicate an almost
total verification of the theoretical predictions. That such
a problem can be solved and experimentally verified re-
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Fig. 14 Potential flow and experimental pressure distribu-
tions, turbulent rooftop airfoil, case a.
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flects quite favorably on the current stage of boundary-
layer and potential-flow theory.

The airfoil designs may be considered exact in that they
correspond precisely to the optimized velocity distribu-
tions, and the boundary-layer analysis has been applied
along the airfoil surface rather than using the distance
along the chord line. However, no particular airfoil solu-
tion is unique as may be seen from Figs. 7 and 8.

Some of the more significant results of the two wind-
tunnel tests include the following. 1) Both airfoils exceed-
ed their design lift coefficients by a comfortable margin,
and they exhibited a very wide Cp-range where the drag
was almost constant and quite low. 2) The pitching mo-
ment coefficients for both airfoils are quite low. 3) The
airfoils appeared to be surprisingly independent of Reyn-
olds number in the range of one to three million. (This as-
sumes the absence of the tunnel turbulence effects.) 4)
The flow over the pressure recovery region appeared to be
very stable arid remained completely attached until stall
occurred. 5) The agreement between the theoretical po-
tential flow and experimental pressure distributions (and
lift coefficients) implies that the airfoils experience little
deterioration in performance due to boundary-layer thick-
ness effects.

The restilts of the wind-tunnel test? of a high lift airfoil
designed by Ormsbee and Chen? show that the experi-
mental lift curve slope was less than the theoretically pre-
dicted value (which included boundary-layer thickness ef-
fects), and the airfoil stalled before it reached its design
angle of attack. No drag data is given. Some of this diffi-
culty is explained by the fact that boundary-layer separa-
tion occurred on the tunnel walls at high lift coefficients;
however, it appears that the airfoil design itself is also re-
sponsible for some of the problems encountered. -

More specifically, the optimized velocity distribution as
prescribed by Ormsbee and Chen is characterized as hav-
ing a rather large velocity difference immediately up-

stream of the trailing edge (i.e., v;e/ Ve = 1 on the upper

surface and v;e/V.. ~ 0.85 on the lower surface). At the
trailing edge, both upper and lower surface velocities drop
to stagnation which results in an airfoil with a nonzero
trailing edge angle, and the large velocity difference
immediately upstream produces a relatively thick trailing
edge with a large trailing edge angle. It would appear that
this form of trailing edge geometry encourages a more se-
vere local flow separation there which results ih a modi-
fied Kutta condition and a consequent decrease in the lift
curve slope. In addition, this condition can only serve to
deteriorate the airfoil’s Crmax performance and increase
its drag, particularly for an airfoil with a Stratford immi-
nent separation pressure recovery distribution.
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The choice of a high value for v;¢/V. on the upper sur-
face is desirable from the standpoint of increasing the lift
which may be carried (i.e., in the present analysis, 0,/V,
increases with increasing v;e/V. ), but the value of this
parameter is limited by the consideration of obtaining an
acceptable airfoil geometry at the trailing edge. In the
present study, it has been found that values of v;./ V= be-
tween 0.8 and 0.95 (on both upper and lower surfaces)
provide a trailing edge geometry which virtually elimi-
nates any tendency for local separation there, and this is
reflected in the experimental results.

Finally, the results of this study appear to substantiate
the viability of the Stratford imminent separation pres-
sure recovery distribution. As a useful device in the design
of high-performance airfoil sections, it would appear that
these distributions are indeed practical and reliable. In
most applications, it would probably be best to predicate
the design on the assumption of a turbulent rather than a
laminar rooftop.
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